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(57) ABSTRACT

Signal processing techniques utilize operations performed in
linear transform domains to perform operations including
noise reduction, noise shaping, and gradient integration. The
standard wavelet shrinkage method may be altered to con-
strain the modification of wavelet coefficients towards an
initial estimate of the adjusted coefficients. The initial esti-
mates can be computed by applying an edge detection filter to
an input image. The wavelet shrinkage method may addition-
ally be altered to include a noise preservation factor that
enables an amount of noise to be preserved to avoid the
production of artifacts. Integration of modified multi-dimen-
sional gradients may also be performed in the wavelet (or
other linear transform) domain by performing simple integra-
tion of the gradient (summing) separately in each dimension,
obtaining a linear transform representation of the resulting
signals, and combining the linear transforms.
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1
LINEAR TRANSFORM-BASED IMAGE
PROCESSING TECHNIQUES

BACKGROUND

This disclosure relates generally to signal processing using
linear transforms. More particularly, the disclosure relates to
techniques for noise reduction, noise shaping, and gradient-
based image processing in the linear transform domain.

Wavelet transforms provide a useful tool for various forms
of'signal processing. For example, wavelet transforms can be
used for digital file compression and to perform correction
operations such as noise reduction. Referring to FIG. 1, appli-
cation of the Haar wavelet transform to a simple eight point
signal 105 demonstrates the basic concepts of wavelet trans-
forms. At each stage, the Haar transform converts an input
signal into two sets of signals by applying a low-pass filter and
a high-pass filter. For the Haar transform illustrated in FIG. 1,
application of the low-pass filter results in an output signal
that includes the averages of adjacent signal pairs

(e SO+ fD) fO+fB) )
e LT

and application of the high-pass filter results in an output
signal that includes the differences between adjacent signal
pairs

(e.g.,

By feeding the low-pass filter output signal through consecu-
tive stages of the transform, a hierarchical representation (i.e.,
a wavelet pyramid representation) of the initial input signal
can be obtained. The wavelet pyramid has N+1 scales where
N is equal to the number of stages of the transform. Process-
ing eight point signal 105 through three stages of the Haar
transform results in a four scale pyramid having signals of
lengths 4, 2, 1, and 1 (i.e., HI=(-1, -0.5, -0.5, 0.5}, H2=
(-0.25, 1), H3=(=1.125), 1L3=(4.375) ). The output of the
low-pass filter at the coarsest scale is the low-pass residual
and represents its own scale of the wavelet pyramid. It will be
understood that this wavelet representation is invertible in
that it can be used to recover input signal 105. That is, per-
formance of an inverse wavelet transform re-creates an input
signal from its wavelet representation. Although FIG. 1 has
been described with reference to the Haar wavelet transform,
the techniques disclosed in this specification are applicable to
any invertible linear transform such as other types of wavelet
transforms, curvelet transforms, dual tree complex wavelet
transforms, ridgelet transforms, etc.

FIG. 2 illustrates a popular approach to signal noise reduc-
tion. Application of a multi-stage wavelet transform to input
signal 205 may generate a four-scale wavelet representation
of'signal 205 where the magnitude of the wavelet coefficients
ateach of scales 215A/B/C/D is illustrated by vertical bars. It
should be noted that the illustrated wavelet representation is
intended to demonstrate a common noise reduction technique
and not to depict an accurate wavelet representation of input
signal 205 using any particular wavelet transform. The multi-
stage wavelet transform applied to input signal 205 results in
a “clean” wavelet representation of the input signal. That is,
for portions of input signal 205 that are substantially constant,
the wavelet transform results in wavelet coefficients that are

SO -f) fQ-S0) )
— -}
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near zero in value. This is precisely the property that makes
wavelet transforms valuable for data compression. However,
application of the same multi-scale transform to input signal
210 (a noisy version of input signal 205), results in a “noisy”
wavelet representation. A comparison of corresponding por-
tions 225 and 230 of the wavelet representations of signals
205 and 210 illustrates that the noise in signal 210 results in
small magnitude wavelet coefficients that substantially rep-
resent noise in addition to large magnitude wavelet coeffi-
cients that substantially represent signal. The wavelet shrink-
age operation reduces the magnitude of or eliminates wavelet
coefficients within a particular range (e.g., within range 235)
and leaves unmodified wavelet coefficients outside of the
range such that, upon performance of an inverse wavelet
transform, a cleaner version of the input signal is generated.
For example, application of the wavelet shrinkage operation
on the wavelet representation of signal 210 would result in a
wavelet representation that more closely approximates the
wavelet representation of signal 205, and, thus, a signal that
more closely approximates signal 205 upon performance of
an inverse wavelet transform.

Although the wavelet shrinkage operation effectively
reduces signal noise, it also alters the magnitude relation
between wavelet coefficients at different scales and the same
spatial location, which results in the production of undesir-
able artifacts around strong edges. Various solutions exist to
reduce the prominence of these undesirable artifacts. For
example, bivariate wavelet shrinkage limits the amount of
modification applied to wavelet coefficients around strong
edges by reducing the amount of modification applied to a
wavelet coefficient if a corresponding parent coefficient from
one scale up the wavelet pyramid has a large magnitude
(which implies the presence of a strong edge). An improve-
ment over the bivariate wavelet shrinkage operation is to use
Hidden Markov Models to explicitly model the probability of
having an edge at a current spatial location (big magnitudes of
wavelet coefficients) versus no edge (small magnitudes of
wavelet coefficients). Both operations successfully reduce
the magnitude of artifacts around strong edges, but because
they limit the amount of modification applied to the wavelet
coefficients around edges, the noise reduction is limited in
these areas, which results in noticeable noise around edges in
the output signal when there is heavier noise in the input
signal. Moreover, in the presence of heavy noise, fine noise-
like texture (such as skin pores, grass, and foliage) can be
completely masked. In such cases, noise reduction also
removes the desirable fine texture and results in an output
image that looks flat and unnatural. A common solution is to
reduce the strength of the noise reductions such that the fine
texture is maintained, but this too has its drawbacks. It would
therefore be desirable to perform noise reduction and shaping
operations in the wavelet domain that reduce or eliminate
these issues.

SUMMARY

In one embodiment, an operation is provided to perform
signal noise reduction in a linear transform domain. The
operation may include applying an invertible linear transform
to a signal to obtain a transform representation. One or more
components of the transform representation may be adjusted
based, at least in part, on an initial estimate of the adjusted
components. In one embodiment, the signal may be a digital
image and the invertible linear transform may be a wavelet
transform. In another embodiment, the signal may be a dif-
ference signal calculated based on an input signal and an
edge-filtered version of the input signal. The method may be
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embodied in program code and stored on a non-transitory
storage medium. The stored program code may be executed
by one or more processors.

In another embodiment, an operation is provided to per-
form signal noise shaping in a linear transform domain. The
operation may include applying an invertible linear transform
to areceived signal to obtain a transform representation of the
received signal. One or more components of the transform
representation may be adjusted based, at least in part, on one
or more noise preservation factors to obtain a modified trans-
form representation. An inverse transform may be applied to
the modified transform representation to obtain an output
signal. In one embodiment, the received signal may be a
digital image and the invertible linear transform may be a
wavelet transform that produces a hierarchical representation
with multiple scales. In such an embodiment, the one or more
noise preservation factors may be unique to a particular scale
or a particular set of components of a particular scale. The
operation may be embodied in program code and stored on a
non-transitory storage medium. The stored program code
may be executed by one or more processors.

In yet another embodiment, an operation is provided to
perform various steps of gradient-based image processing
techniques in a linear transform domain. The operation may
include generating a two-dimensional gradient map of an
input image. The two-dimensional gradient map may be
modified separately in each dimension according to the
desired processing to obtain a first modified gradient map and
a second modified gradient map. Components of the modified
gradient map may be combined to generate first and second
modified outputs (e.g., viaa simple integration operation). An
invertible linear transform may be applied to signals gener-
ated from the first modified output and the second modified
output to obtain first and second transform representations,
which may be combined to form a single output transform
representation. Application of an inverse transform to the
output transform representation may result in the generation
of an output image (e.g., a modified version of the input
image). In one embodiment, the signals generated from the
first modified output and the second modified output may be
generated by subtracting the first modified output from the
input image and subtracting the second modified output from
the input image, respectively. The operation may be embod-
ied in program code and stored on a non-transitory storage
medium. The stored program code may be executed by one or
more processors.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 illustrates application of a multi-stage wavelet
transform to an example input signal in accordance with one
embodiment.

FIG. 2 illustrates a noise reduction operation performed in
the wavelet domain in accordance with one embodiment.

FIGS. 3A and 3B illustrate the modification of wavelet
coefficients based on application of'a noise reduction function
in accordance with various embodiments.

FIGS. 4A and 4B illustrate noise reduction using con-
strained wavelet shrinkage in accordance with various
embodiments.

FIGS. 5A and 5B illustrate noise reduction using bivariate
constrained wavelet shrinkage in accordance with various
embodiments.

FIG. 6 illustrates a noise shaping operation in accordance
with one embodiment.

FIG. 7 illustrates a hierarchical transform representation of
an input image in accordance with one embodiment.
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FIG. 8 illustrates a standard gradient-based image process-
ing operation in accordance with one embodiment.

FIGS. 9A and 9B illustrate gradient-based image process-
ing operations with constrained integration in the wavelet
domain in accordance with various embodiments.

FIGS. 10-12 illustrate two-dimensional gradient calcula-
tions in accordance with various embodiments.

FIG. 13 illustrates a simple integration operation per-
formed separately in the horizontal and vertical directions in
accordance with one embodiment.

FIG. 14 illustrates the combination of wavelet representa-
tions in accordance with one embodiment.

FIG. 15 shows an illustrative electronic device in accor-
dance with one embodiment.

DETAILED DESCRIPTION

This disclosure pertains to systems, methods, and com-
puter readable media for noise reduction, noise shaping, and
gradient-based image processing in a linear transform
domain. In general, in one embodiment, image noise reduc-
tion may be performed in a linear transform domain by adjust-
ing one or more components of a transform representation of
a signal based on an initial estimate of the adjusted one or
more components. In another embodiment, noise shaping
may be performed in the linear transform domain by adjust-
ing one or more components of a transform representation of
a signal based on one or more noise preservation factors. In
yet another embodiment, the integration operation required
for gradient-based image processing may be performed at
least partially in a linear transform domain.

In the following description, for purposes of explanation,
numerous specific details are set forth in order to provide a
thorough understanding of the inventive concept. As part of
this description, some of'this disclosure’s drawings represent
structures and devices in block diagram form in order to avoid
obscuring the invention. In the interest of clarity, not all
features of an actual implementation are described in this
specification. Moreover, the language used in this disclosure
has been principally selected for readability and instructional
purposes, and may not have been selected to delineate or
circumscribe the inventive subject matter, resort to the claims
being necessary to determine such inventive subject matter.
Reference in this disclosure to “one embodiment” or to “an
embodiment” means that a particular feature, structure, or
characteristic described in connection with the embodiment
is included in at least one embodiment of the invention, and
multiple references to “one embodiment” or “an embodi-
ment” should not be understood as necessarily all referring to
the same embodiment.

It will be appreciated that in the development of any actual
implementation (as in any development project), numerous
decisions must be made to achieve the developers’ specific
goals (e.g., compliance with system- and business-related
constraints), and that these goals will vary from one imple-
mentation to another. It will also be appreciated that such
development efforts might be complex and time-consuming,
but would nevertheless be a routine undertaking for those of
ordinary skill in the art of signal processing having the benefit
of this disclosure.

For purposes of demonstration, FIGS. 1 and 2 (described
above) illustrate one-dimensional wavelet transforms. The
operations illustrated in those figures can be expanded to
input signals having 2, 3, or more dimensions. For example,
signals 105 and/or 205/210 may represent brightness values
or values for a particular color channel for a row of pixels in
a digital image. Using similar techniques to those illustrated
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in FIGS. 1 and 2, as is known to those of ordinary skill in the
art, a two-dimensional wavelet transform can be applied to
pixel rows and columns to generate a wavelet representation
of'a digital image. The techniques disclosed in the remainder
of' the specification describe the utilization of wavelet opera-
tions in terms of digital image processing (i.e., two-dimen-
sional wavelet transforms). It will be understood, however,
that the disclosed techniques are equally applicable to other
types of input signals with different dimensionality (e.g.,
audio (1D) and video (3D) signals) as well as to other types of
linear transforms.
Constrained Wavelet Shrinkage for Noise Reduction
Referring to FIG. 3A, a standard wavelet shrinkage opera-
tion may be defined by:

w'=w¥thr(Iwl), (€8]

where w represents original wavelet coefficient 305, w' rep-
resents modified wavelet coefficient 310, and thr is a thresh-
olding function 315 that operates on the magnitude of the
original wavelet coefficient. Thresholding function 315 may
be chosen to vary between zero and one such that original
wavelet coefficients within a range 235 about zero (e.g.,
wavelet coefficients that likely represent noise in an input
signal) are modified towards zero whereas original wavelet
coefficients outside of range 235 (i.c., in ranges 320) are left
unmodified (i.e., multiplied by one). It will be understood that
the precise properties of thresholding function 315 can be
chosen to determine the size of range 235 and the amount of
modification to be applied to wavelet coefficients within
range 235.

As noted above, although the standard wavelet shrinkage
operation illustrated in FIG. 3A effectively reduces signal
noise, it can also alter the magnitude relation between wavelet
coefficients at different scales and the same spatial location,
which results in the production of undesirable artifacts
around strong edges. Moreover, known operations to reduce
the presence of these artifacts have additional drawbacks.
Therefore, in accordance with one embodiment, modification
of the wavelet coefficients may be constrained by providing
initial estimates of the modified wavelet coefficients towards
which the original wavelet coefficients get modified. In one
embodiment, these initial estimates may be based on the
application of an edge detection filter to an input image.
Performance of a wavelet transform on the output of the edge
detection filter can be used to generate a wavelet pyramid
representation having the initial estimates for the wavelet
coefficients for spatial locations corresponding to strong
edges and coefficients of zero for other spatial locations in the
image. The constrained wavelet shrinkage operation may be
defined by:

w'=w +(w-w_)*thr(lw-w,l),

@

where w,_ represents the initial estimate of the modified wave-
let coefficient. The initial estimate can in general be very
different from the original wavelet coefficient. For example,
the original wavelet coefficient may have a different magni-
tude or even an opposite sign from the initial estimate. As
illustrated in FIG. 3B, in accordance with the constrained
wavelet shrinkage operation, when the difference between
original wavelet coefficient 305 and initial estimate 340 is
within range 350 (i.e., the difference between original wave-
let coefficient 305 and initial estimate 340 is small), thresh-
olding function 335 operates to modify original wavelet coef-
ficient 305 towards initial estimate 340, and when the
difference between original wavelet coetficient 305 and ini-
tial estimate 340 is outside of range 350 (i.e., in ranges 355),
original wavelet coefficient 305 is left unmodified (i.e., mul-
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tiplied by one). Therefore, for regions of an image in which an
edge detection filter detects the presence of an edge and
therefore results in a non-zero initial estimate of the modified
wavelet coeflicient, modified wavelet coefficient 330 is modi-
fied towards initial estimate 340. By providing an initial esti-
mate of the modified wavelet coefficient around strong edges
in an image, the constrained wavelet shrinkage operation
operates to reduce noise while substantially reducing or
eliminating the presence of undesirable artifacts around
edges in an output image.

The process flow diagram of FIG. 4A illustrates the com-
plete algorithm for performing noise reduction in accordance
with one embodiment of constrained wavelet shrinkage
operation 400A. Input image 405 may be initially processed
by applying edge detection filter 410 to input image 405. As
is known by those of ordinary skill in the art, many different
types of edge detection filters exist to identify spatial loca-
tions within input image 405 at which image brightness
changes or discontinuities indicate a high probability of the
presence of an edge. Edge image 415 represents an image
having preserved values (e.g., brightness values) at spatial
locations corresponding to identified edges within input
image 405 and being flattened (e.g., having brightness values
tending toward zero) at spatial locations that do not corre-
spond to identified edges.

Wavelet transform 420 may be applied to each of images
405 and 415 to generate wavelet representation 440 (w) of
input image 405 and wavelet representation 445 (w,) of edge
image 415. As will be known by those of ordinary skill in the
art, wavelet representations 440 and 445 may be hierarchical
representations (e.g., wavelet pyramids) where each scale of
the hierarchical representations may include multiple sets of
wavelet coefficients. For example, a single scale of a wavelet
representation may include a first set of wavelet coefficients
resulting from application of a wavelet low-pass filter in the
horizontal direction and a wavelet high-pass filter in the ver-
tical direction, a second set of wavelet coefficients resulting
from application of the wavelet high-pass filter in the hori-
zontal direction and the wavelet low-pass filter in the vertical
direction, and a third set of wavelet coefficients resulting from
application of the wavelet high-pass filter in both the horizon-
tal and vertical directions. Regardless of the precise form,
wavelet representations 440 and 445 have corresponding ele-
ments resulting from application of wavelet transform 420 to
images 405 and 415, respectively. Constrained wavelet
shrinkage operation 425 (e.g., the operation described by
equation (2)), may then be applied to corresponding elements
of wavelet representations 440 and 445 to generate modified
wavelet representation 450 (w'). Inverse wavelet transform
operation 430 may then be applied to modified wavelet rep-
resentation 450 to generate output image 435, which, as
described above, represents a reduced noise version of input
image 405 having preserved image edges.

In the implementation illustrated in FIG. 4A, two forward
wavelet transform operations are required. That is, forward
wavelet transform 420 must be performed on each of images
405 and 415. However, due to the linear nature of the wavelet
transform, the constrained wavelet shrinkage operation can
be optimized by performing the subtraction of the estimate
from the original image in the spatial domain rather than in
the wavelet domain. The process flow diagram of FIG. 4B
illustrates a complete algorithm for performing noise reduc-
tion in accordance with one embodiment of optimized con-
strained wavelet shrinkage operation 400B.

As with constrained wavelet shrinkage operation 400A,
edge detection filter 410 may be applied to input image 405 to
generate edge image 415 (s,). The difference between input
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image 405 and edge image 415 (s-s, operation 455) may then
be performed in the spatial domain rather than in the wavelet
domain. Difference operation 455 may represent a pixel by
pixel difference operation performed on images 405 and 415
to generate difference image 460. Wavelet transform 420 may
then be applied to difference image 460 to generate wavelet
representation 465 (w). Optimized constrained wavelet
shrinkage operation 470 may then be performed on wavelet
representation 465 to generate modified wavelet representa-
tion 475 (w'). Optimized constrained wavelet shrinkage
operation 470 may be defined by:

w'=w*(1-thr(Iwl)), 3)

where w and w' (i.e., wavelet representations 465 and 475) are
respectively the original and modified wavelet representa-
tions of difference image 460. It should be noted that wavelet
representation 465 (labeled w) and wavelet representation
475 (labeled w') are different from wavelet representation 440
(also labeled w) and wavelet representation 450 (also labeled
w') in that the former represent the original and modified
wavelet representations of difference image 460. Inverse
wavelet transform operation 480 may then be performed on
wavelet representation 475 to generate modified image 485,
which represents a noise-reduced version of difference image
460. Modified image 485 may then be combined with (e.g.,
subtracted from) input image 405 to generate output image
435.

In another embodiment, the constrained wavelet shrinkage
operation can be used to modify the bivariate wavelet shrink-
age operation. The standard bivariate wavelet shrinkage
operation may be described by:

wi=wHthr(lwl, lw,)),

*

where w is the original wavelet coefficient, w' is the modi-
fied wavelet coefficient, Iwl is the magnitude of the original
wavelet coefficient, [w,| is the magnitude of the parent of the
original wavelet coefficient, and thr is a bivariate threshold
function that operates on Iwl and |w,,|. The parent of a wavelet
coefficient may be defined as the corresponding wavelet coef-
ficient from one scale above the wavelet coefficient in the
hierarchical wavelet representation.

Application of a constrained wavelet shrinkage operation
to the standard bivariate wavelet shrinkage operation results
in a constrained bivariate wavelet shrinkage function
described by:

wEWA(w-w ) thr(lw=w,|, Iw,~w,,|),

®

where w, is an initial estimate for a current adjusted wavelet
coefficient and w,,, is an initial estimate for the adjusted
parent of the current wavelet coefficient.

Referring to FIG. 5A, the process flow diagram for con-
strained bivariate wavelet shrinkage operation 500A in accor-
dance with one embodiment is analogous to the process flow
diagram for constrained wavelet shrinkage operation 400A.
Constrained bivariate wavelet shrinkage operation 500A pro-
ceeds in the same manner as constrained wavelet shrinkage
operation 400A through calculation of wavelet representa-
tions 440 and 445 of input image 405 and edge image 415
respectively. Constrained bivariate wavelet shrinkage opera-
tion 525, however, can operate not only on the differences
between corresponding elements of wavelet representations
440 and 445 but also on differences between parent elements
of'those elements as indicated in Equation (5). Output wavelet
representation 550 of constrained bivariate wavelet shrinkage
operation 525 may be processed via inverse wavelet trans-
form 430 to generate output image 535.
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In a similar manner to constrained wavelet shrinkage
operation 400A, constrained bivariate wavelet shrinkage
operation 500A can be optimized by combining the initial
estimate and original image in the spatial domain rather than
in the wavelet domain. The process flow diagram for one
embodiment of optimized constrained bivariate wavelet
operation 500B is illustrated in FIG. 5B. Optimized con-
strained bivariate wavelet shrinkage operation 500B proceeds
in the same manner as the optimized constrained wavelet
shrinkage operation 400B through calculation of wavelet rep-
resentation 465 of difference image 460. Optimized con-
strained bivariate wavelet operation 570 may be defined as:

w'=w*(1-thr(lwl, 1w, 1)), o

where w, w', and w, are respectively the original wavelet
coefficient, the modified wavelet coefficient, and the parent of
the wavelet coefficient of difference image 460. Just as was
the case with respect to optimized constrained wavelet opera-
tion 4008, wavelet representations 465 (labeled w, w,,) and
575 (labeled w') are different from wavelet representations
440 (also labeled w, w,,) and 550 (also labeled w'. Calculation
of a wavelet coefficient of modified wavelet representation
575 in accordance with one embodiment of optimized con-
strained bivariate wavelet operation 570 is a function of both
a corresponding wavelet coefficient and a parent of the cor-
responding wavelet coefficient from wavelet representation
465. Inverse wavelet transform 480 may be applied to modi-
fied wavelet representation 575 to generate modified differ-
ence image 585, which is a reduced noise version of differ-
ence image 460. Modified difference image 585 may then be
combined with (e.g., subtracted from) input image 405 to
generate output image 535.

As noted above, although the disclosed techniques have
generally been described with respect to image processing,
the disclosed techniques are equally applicable to input sig-
nals other than images by modifying the dimensionality of the
edge detection filter and the wavelet transform in accordance
with the dimensionality of the input signal. For example, for
processing audio signals, the edge detection filter and wavelet
transform can operate in one dimension and for processing
video signals they can operate in three dimensions. In addi-
tion, the specified techniques can be utilized with any invert-
ible linear transform.

Residual Noise Shaping

Asnoted above, it is common that fine, noise-like texture in
animage (such as skin pores, grass, and foliage) is completely
masked in the presence of heavy noise such that noise reduc-
tion results in the elimination of the desirable fine texture. A
straightforward solution to this problem is to reduce the
strength of the denoising algorithm (e.g., modify the thresh-
olding function) so that not all of the noise gets removed.
However, due to the inherently non-linear nature of denoising
algorithms, this tends to produce visual artifacts in the output
image. This is especially true for wavelet based denoising
algorithms where the wavelet shrinkage thresholding func-
tion is particularly non-linear. Another solution is to alpha
blend the fully denoised image with the original noisy image
to replace some of the removed noise. While this solution
produces output images that are free of artifacts, resulting
images are often noisy and visually unpleasing.

In accordance with yet another embodiment, a wavelet
shrinkage thresholding function can be modified such that the
modification of wavelet coefficients is limited to avoid the
production of image artifacts. Although the discussion that
follows describes the modification of the standard wavelet
shrinkage function, it will be understood that the same tech-
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niques may be implemented to modify the thresholding func-
tion of any of the constrained wavelet shrinkage operations
described above.

Referring to FIG. 6, noise shaping operation 600 in accor-
dance with one embodiment may begin with the determina-
tion of a noise preservation factor (block 605). It has been
determined that a thresholding function can be modified to
include a noise preservation factor that is typically a numeri-
cal value between zero and one to adjust the amount of modi-
fication that is applied to wavelet coefficients in a wavelet
representation of an image, thereby adjusting the amount of
noise reduction applied to the image. In one embodiment, the
noise preservation factor may actually be a set of factors, each
of which applies to a particular scale of a hierarchical trans-
form representation of the image. In such an embodiment, the
noise preservation factor may be constant for all wavelet
coefficients at a given scale but different for each other scale
such that it may be possible to adjust the spectrum of the
preserved noise in order to achieve a pleasing look in the
output image. Referring to FIG. 7, for example, a first noise
preservation factor (c,) may be applied to the wavelet coeffi-
cients corresponding to stage 1 of wavelet representation 700
(i.e., 700A/B/C), a second noise preservation factor (c,) may
be applied to the wavelet coefficients corresponding to stage
2 of waveletrepresentation 700 (i.e., 705A/B/C), a third noise
preservation factor (c;) may be applied to the wavelet coeffi-
cients corresponding to stage 3 of wavelet representation 700
(i.e., 710A/B/C), and a fourth noise preservation factor (c,)
may be applied to the wavelet coefficients corresponding to
stage 4 (e.g., the low-pass residual) of wavelet representation
700 (i.e., 715).

In another embodiment, within each scale, a different noise
preservation factor may be applied for each set of wavelet
coefficients. As set forth briefly above, each scale of the
wavelet representation may include multiple sets of wavelet
coefficients. Referring again to FIG. 7, for example, within
the first scale, image portion 700A may represent a first set of
wavelet coefficients resulting from application of a wavelet
low-pass filter in the horizontal direction and a wavelet high-
pass filter in the vertical direction, image portion 700B may
represent a second set of wavelet coefficients resulting from
application of a wavelet high-pass filter in both the horizontal
and vertical directions, and image portion 700C may repre-
sent a third set of wavelet coefficients resulting from applica-
tion of a wavelet high-pass filter in the horizontal direction
and a wavelet low-pass filter in the vertical direction. Each of
scales 2 and 3 may include corresponding sets of wavelet
coefficients. Scale 4 may include the residual wavelet coeffi-
cients resulting from application of a wavelet low-pass filter
in both the horizontal and vertical directions. Within each
scale, a different noise preservation factor may be applied to
each set of wavelet coefficients. For example, a first noise
preservation factor (c,) may be applied to the coefficients
representing image portion 700A, a second noise preserva-
tion factor (c,) may be applied to the coefficients representing
image portion 700B, and a third noise preservation factor (c;)
may be applied to the coefficients representing image portion
700C. Accordingly, a different noise preservation factor may
be applied for each set of wavelet coefficients (i.e., each
subset of coefficients of a particular stage) such that a differ-
ent amount of noise can be preserved in each direction.

In one embodiment, the value of the noise preservation
factor or set of factors may be determined empirically for a
given class of images. In another embodiment, the noise
preservation factor or set of factors may be computed based
on a specific input image. In yet another embodiment, the
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noise preservation factor or set of factors may be dynamically
adjusted by a user to achieve a desirable output image.

After the noise preservation factor or set of factors has been
determined, the thresholding function used to modify the
wavelet coefficients may be adapted in accordance with the
noise preservation factor. The standard wavelet shrinkage
formula is set forth above as Equation (1). The thresholding
function of Equation (1) can be replaced with the adapted
thresholding function set forth below to include the noise
preservation factor:

c+ thr(Iw)), ¢ + thr(w]) < 1 (€]

thr2(w], ¢) =
720w, o) { 1 c+thr(w) = 1

where c is the noise preservation factor applied to a given
wavelet coefficient w having a magnitude |wl. The adapted
standard wavelet shrinkage operation may then be given by:

w'=w¥thr2(Iwl,c), ®

The wavelet shrinkage operation can be applied using the
modified thresholding function (block 615). It will be recog-
nized that more noise is preserved as the noise preservation
factor increases from zero to one. For a noise preservation
factor value of zero, the original thresholding function (thr)
controls and the wavelet coefficients are modified accord-
ingly. For a noise preservation factor value of one, no modi-
fication of the wavelet coefficient is performed and therefore
all noise is preserved. Although noise shaping using an
adapted thresholding function has been described in terms of
the standard wavelet shrinkage operation, it will be recog-
nized that the same techniques may be applied to adapt the
thresholding functions applied in any of the constrained
wavelet shrinkage operations described above.

Gradient Based Image Processing with Constrained Integra-
tion in the Wavelet Domain

Noise reduction operations in accordance with this disclo-
sure have heretofore been described in terms of operations
directly on signal values (e.g., image pixel brightness values).
As is known by those of ordinary skill in the art, it is often
desirable to perform image processing operations by modi-
fying image gradients rather than pixel values. Such opera-
tions may include cloning, in-painting, contrast enhance-
ment, tone mapping, stitching, gray scale conversion,
recoloring, noise reduction, and manipulation of 3D meshes.
After the desired operations are performed via modification
of'the image gradients, the output result may be reconstructed
by integration. However, the integration of two-dimensional
gradients is not a trivial operation. The most commonly used
method to integrate two-dimensional gradients is to approxi-
mate the solution in a least squares sense by solving a two-
dimensional Poisson differential equation. While the result is
generally of good quality, the numerical implementation
requires a computationally expensive iterative convergence
algorithm.

The process flow diagram illustrated in FIG. 8 depicts a
general method for performing image processing by modify-
ing image gradient values. As illustrated, gradient based
image processing operation 800 may be initiated with the
calculation of two-dimensional (2D) gradient 815 of input
image 805 by performing 2D gradient calculation operation
810. Gradient 815 may then be modified in accordance with
the desired processing operation in modification operation
820 to produce modified gradient 825. Modified gradient 825
may then be integrated in integration operation 830 to pro-
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duce output image 835. As set forth above, integration opera-
tion 830 typically involves a computationally expensive itera-
tive convergence algorithm.

Referring now to FIG. 9A, in accordance with one embodi-
ment, it has been determined that the computational complex-
ity of integration operation 830 may be reduced by summing
gradients separately in the horizontal and vertical directions
and combining the result in the wavelet domain while apply-
ing a low-pass constraint. Like operation 800, gradient based
image processing operation 900A may be initiated by per-
forming gradient calculation operation 810 on input image
805. A 2D gradient may then be defined in continuous form as
the combination of partial derivatives along the horizontal
and vertical directions:

v 135+ ads
—Xoax yoay

)

where s is input image 805, X, is the unit vector in the hori-
zontal direction and y,, is the unit vector in the vertical direc-
tion. Because digital images are discrete and consist of sepa-
rate pixels, the discrete gradient can be calculated as a finite
difference. There are two common methods for calculating a
discrete 2D gradient. The first common method defines the
discrete gradient as:

V,=s(x+1,y)-s(x-1,y),

V,=s(xy+1)=sx,y-1).

The first gradient calculation method is illustrated in FIG. 10,
where image portion 1000 represents a sample 4x4 pixel
array of an input image having pixel values represented by the
reference characters within the pixel boundaries. As illus-
trated, the gradients in both x (1005) and y (1010) are defined
over the same grid as image portion 1000.

The second common method for calculating a discrete 2D
gradient defines the discrete gradient as:

10)

_s(x,y)+s(x,y—1) sx—1L y+six-1,y-1) (1D

Vs = 2 2
sE, ) +sx—1,y) sx,y—-D+sx—-1,y-1)
Vy= B - ) .

The second gradient calculation method is illustrated in FIG.
11. As illustrated, the gradients in both x (1105) and y (1110)
are positioned between the image pixels of image portion
1000. Both of the described gradient calculation methods can
be regarded as derived from a simple discrete gradient sepa-
rately defined in x and y as:

Vi=s(xy)-s(x-1y),

V,=s(x,y)=s(x,y=1). (12)

The 2D gradient in Equation (12) (illustrated in FIG. 12) may
be defined separately in x (1205) and y (1210) because the
samples of V, and V , are not positioned over the same grid.
Referring back to FIG. 9A, gradient calculation operation 810
produces 2D gradient 815 that includes horizontal gradient
map (V) and vertical gradient map (V).

Gradient modification operation 820 may then be per-
formed separately on the horizontal and vertical gradient
maps to produce modified horizontal gradient map (V') and
modified vertical gradient map (V). Although modification
operation 820 is performed separately for horizontal gradient
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map (V,) and vertical gradient map (V,), each modification
can be defined as a function of both horizontal gradient map
(V,) and vertical gradient map (V) in accordance with Equa-
tion (12) as:

V'V Y,

VAV Vs,

where V_and V_ can be defined in the sense of Equations (10),
(11),0r (12) but V,' and V' are defined strictly in the sense of
Equation (12). As will be understood by those of ordinary
skill in the art, the gradient modification functions can be
defined in terms of the desired image processing operation
(e.g., cloning, in-painting, contrast enhancement, tone map-
ping, stitching, gray scale conversion, recoloring, noise
reduction, etc.).

Operation 900A replaces computationally expensive itera-
tive integration operation 830 with integration operation 930.
Integration operation 930 may begin with simple integration
operation 930A which sums modified gradients 825 sepa-
rately in the horizontal and vertical directions to generate two
outputs 935 defined as:

(10)

5,'=8, (= Ly+V, (%),

$,'=s, (2 y=1+V ) (x,p). (14)

where s,' is the result of integration of modified horizontal
gradient (V,') and s, is the result of integration of modified
vertical gradient (V,). FIG. 13 illustrates the outputs
(s, and s ) of integration operation 930A with respect to
example image portion 1000, where the modified gradients
are expressed as modified versions of the gradients illustrated
in FIG. 12. In order to obtain a single output image, outputs
935 must be combined. Combining outputs 935 begins with
the calculation of wavelet representations 940 of outputs 935
and input image 805 by applying wavelet transform operation
930B. As set forth above, application of a wavelet transform
to an input image (such as outputs 935) decomposes the input
image into a hierarchical representation of different scales
from fine to coarse. At each scale, the wavelet representation
may consist of three sets of wavelet coefficients denoted LH,
HL, and HH. The coefficient set denoted LH may be produced
by applying the low-pass filter of wavelet transform 930B in
the horizontal direction and the high-pass filter of wavelet
transform 930B in the vertical direction. The coefficient set
denoted HL may be produced by applying the high-pass filter
of wavelet transform 930B in the horizontal direction and the
low-pass filter of wavelet transform 930B in the vertical
direction. The coefficient set denoted HH may be produced by
applying the high-pass filter of wavelet transform 930B in
both the horizontal and vertical directions. At the top of the
wavelet pyramid representation is a set of wavelet coefficients
denoted LL, which may be produced by applying the low-
pass filter of wavelet transform 930B in both the horizontal
and vertical directions at the coarsest scale (i.e., the low-pass
residual).

As illustrated in FIG. 9A, wavelet transform operation
930B is applied to s,, s/, and input image 805 to generate
horizontal wavelet representation (w, '), vertical wavelet rep-
resentation (w,), and input image wavelet representation (w).

Horizontal wavelet representation (w,') and vertical wave-
let representation (w,) can then be combined at combination
operation 930C. It should be noted that wavelet transform
930B should be separable in order to combine horizontal
wavelet representation (w,') and vertical wavelet representa-
tion (w,') in combination operation 930C. Combination
operation 930C and low-pass residual operation 930D are
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illustrated in FIG. 14. Combination of horizontal wavelet
representation (w,') and vertical wavelet representation (w,')
to produce combined wavelet representation 945 (w,,/) may
be performed scale-by-scale as follows:

LH}, = LH,, (15)
HL,, = HL, 16

. HH + HH, an
HHy = ————

where LH,' and HH,' are coefficient sets of vertical wavelet
representation (w,') and LH,' and HH,' are coefficient sets of
horizontal wavelet representation (w,"). Referring again to
FIG. 9A, to constrain the output, the low-pass residual (LL) of
combined wavelet representation 945 (w,,') may be set equal
to the low-pass residual coefficients (L) of the wavelet rep-
resentation of input image 805 (w) at low-pass residual opera-
tion 930D to generate modified wavelet representation 950
(w"). Although operation 900A illustrates use of the low-pass
residual (LL) of the wavelet representation of input image
805 as the low-pass constraint, in an alternate embodiment,
other sources of the low-pass constraint may be utilized.
Output image 955 may be produced from modified wavelet
representation 950 (w') via inverse wavelet transform opera-
tion 930E.

Like the constrained wavelet shrinkage operations
described above, gradient based image processing operation
900A can be optimized as illustrated in FIG. 9B to eliminate
the need to calculate the forward wavelet transform of input
image 805. Optimized gradient based image processing
operation 900B proceeds in the same manner as operation
900A through simple integration operation 930A. Rather than
calculating the wavelet transform of outputs 935 (s,' and s, ),
however, outputs 935 may be separately combined with (e.g.,
subtracted from) input image 805 to generate difference out-
puts 937 (still defined separately as a horizontal difference
output and a vertical difference output). The horizontal and
vertical wavelet representations 940' (w,' and w,") of differ-
ence outputs 937 may then be calculated in wavelet transform
operation 930B and combined in the same manner as set forth
above with respect to operation 900A in combine operation
930C to generate combined wavelet representation 945'
(w,,). The low-pass residual of combined wavelet represen-
tation 945' (w, ") may then be set to zero to generate modified
difference wavelet representation 950" (w'). Stated differ-
ently, the coefficients of coefficient set LL of modified difter-
ence wavelet representation 950' (w') may all be set to zero. It
should be noted that this step differs from low-pass residual
operation 930D. Through inverse wavelet transform opera-
tion 930K, modified difference wavelet representation 950'
(w") is converted to modified difference image 960, which can
be subtracted from input image 805 to generate output image
955.

Gradient based image processing operations 900A and
900B provide the advantage of significantly reducing the
computational complexity of the required integration opera-
tion of gradient based image processing. It has been found
that the computational complexity of operations 900A and
900B is nearly linearly dependent on the number of input
pixels due to the multi-scale pyramidal nature of the wavelet
transform. In addition, the disclosed operations can be com-
bined with other operations that require a wavelet transform,
in which case the gradient integration is essentially free com-
putationally. The disclosed operations can additionally oper-
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ate on gradients having any dimensionality provided that the
gradient can be computed separately for each dimension and
the linear transform is separable for each dimension. In an
alternate embodiment, the disclosed gradient based image
processing operations can employ any linear separable trans-
form, such as, for example, the dual tree complex wavelet
transform, the curvelet transform, or a mixture of different
transforms at different scales of the decomposition pyramid
in lieu of the standard digital wavelet transform.

Referring to FIG. 15, a simplified functional block diagram
of illustrative electronic device 1500 is shown according to
one embodiment. Electronic device 1500 may include pro-
cessor 1505, display 1510, user interface 1515, graphics hard-
ware 1520, device sensors 1525 (e.g., proximity sensor/am-
bient light sensor, accelerometer and/or gyroscope),
microphone 1530, audio codec(s) 1535, speaker(s) 1540,
communications circuitry 1545, digital image capture unit
1550, video codec(s) 1555, memory 1560, storage 1565, and
communications bus 1570. Electronic device 1500 may be,
for example, a digital camera, a personal digital assistant
(PDA), personal music player, mobile telephone, server,
notebook, laptop, desktop, or tablet computer. More particu-
larly, the disclosed techniques may be executed on a device
that includes some or all of the components of device 1500.

Processor 1505 may execute instructions necessary to
carry out or control the operation of many functions per-
formed by device 1500. Processor 1505 may, for instance,
drive display 1510 and receive user input from user interface
1515. User interface 1515 can take a variety of forms, such as
a button, keypad, dial, a click wheel, keyboard, display screen
and/or a touch screen. Processor 1505 may also, for example,
be a system-on-chip such as those found in mobile devices
and include a dedicated graphics processing unit (GPU). Pro-
cessor 1505 may be based on reduced instruction-set com-
puter (RISC) or complex instruction-set computer (CISC)
architectures or any other suitable architecture and may
include one or more processing cores. Graphics hardware
1520 may be special purpose computational hardware for
processing graphics and/or assisting processor 1505 to pro-
cess graphics information. In one embodiment, graphics
hardware 1520 may include a programmable graphics pro-
cessing unit (GPU).

Sensor and camera circuitry 1550 may capture still and
video images that may be processed, at least in part, in accor-
dance with the disclosed techniques by video codec(s) 1555
and/or processor 1505 and/or graphics hardware 1520, and/or
a dedicated image processing unit incorporated within cir-
cuitry 1550. Images so captured may be stored in memory
1560 and/or storage 1565. Memory 1560 may include one or
more different types of media used by processor 1505 and
graphics hardware 1520 to perform device functions. For
example, memory 1560 may include memory cache, read-
only memory (ROM), and/or random access memory (RAM).
Storage 1565 may store media (e.g., audio, image and video
files), computer program instructions or software, preference
information, device profile information, and any other suit-
able data. Storage 1565 may include one or more non-transi-
tory storage mediums including, for example, magnetic disks
(fixed, floppy, and removable) and tape, optical media such as
CD-ROMs and digital video disks (DVDs), and semiconduc-
tor memory devices such as Flectrically Programmable
Read-Only Memory (EPROM), and Electrically Erasable
Programmable Read-Only Memory (EEPROM). Memory
1560 and storage 1565 may be used to tangibly retain com-
puter program instructions or code organized into one or more
modules and written in any desired computer programming
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language. When executed by, for example, processor 1505
such computer program code may implement one or more of
the methods described herein.

It is to be understood that the above description is intended
to be illustrative, and not restrictive. The material has been
presented to enable any person skilled in the art to make and
use the inventive concepts described herein, and is provided
in the context of particular embodiments, variations of which
will be readily apparent to those skilled in the art (e.g., some
of the disclosed embodiments may be used in combination
with each other). Many other embodiments will be apparent
to those of skill in the art upon reviewing the above descrip-
tion. The scope of the invention therefore should be deter-
mined with reference to the appended claims, along with the
full scope of equivalents to which such claims are entitled. In
the appended claims, the terms “including” and “in which”
are used as the plain-English equivalents of the respective
terms “comprising” and “wherein.”

The invention claimed is:

1. A non-transitory program storage device, readable by a
processor and comprising instructions stored thereon to cause
one or more processors to:

apply an integrator function to a set of gradient signals to

obtain a set of integrated signals;
separately combine an input signal with each of the set of
integrated signals to generate difference output signals;

apply an invertible linear transform to each of the differ-
ence output signals to obtain a transform representation
of the difference output signals; and

adjust one or more components of the transform represen-

tation of the difference output signals based, at least in
part, on an initial estimate of the adjusted one or more
components to generate a modified transform represen-
tation.

2. The non-transitory program storage device of claim 1,
wherein the instructions to cause the one or more processors
to adjust one or more components of the transform represen-
tation of the difference output signals comprise instructions
to cause the one or more processors to apply a thresholding
function configured to adjust components having values
within a component value range towards the initial estimate
of the one or more adjusted components.

3. The non-transitory program storage device of claim 1,
wherein the first input signal is a digital image.

4. The non-transitory program storage device of claim 3,
wherein the invertible linear transform is a two-dimensional
wavelet transform.

5. The non-transitory program storage device of claim 1,
wherein the transform representation of the difference output
signals is a hierarchical representation.

6. The non-transitory program storage device of claim 5,
wherein the instructions to cause the one or more processors
to adjust one or more components of the transform represen-
tation of the difference output signals comprise instructions
to cause the one or more processors to apply a thresholding
function that modifies the one or more components based, at
least in part, on an initial estimate of an adjusted value of one
or more related components in the hierarchical representa-
tion.

7. The non-transitory program storage device of claim 1,
further comprising instructions to cause the one or more
processors to apply an inverse transform to the modified
transform representation to obtain a second an output image
signal.

8. The non-transitory program storage device of claim 7,
wherein the output image signal has reduced noise relative to
the input signal.
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9. The device of claim 1, wherein the instructions further
comprise instructions stored thereon to cause the one or more
processors to:

apply an inverse linear transform to the modified transform

representation to generate a modified difference image
signal;

subtract the modified difference image signal from the

input signal to generate an output image signal; and
store the output image signal in a memory.
10. The device of claim 1, wherein the instructions further
comprise instructions stored thereon to cause the one or more
processors to separately combine the input signal with each of
the set of integrated signals to generate a horizontal difference
output signal and a vertical difference output signal.
11. A method, comprising:
applying, using one or more processors, an integrator func-
tion to a set of first signals to obtain a set of integrated
signals, the set of first signals being gradient signals;

separately combining, using the one or more processors, an
input image signal with each of the set of integrated
signals to generate difference output signals;

applying, using the one or more processors, an invertible

linear transform to each of the difference outputs signals
to obtain a transform representation of the difference
output signals; and

adjusting, using the one or more processors, one or more

components of the transform representation of the dif-
ference output signals based, at least in part, on an initial
estimate of the adjusted one or more components to
generate a modified transform representation.

12. The method of claim 11, further comprising:

applying an inverse linear transform to the modified trans-

form representation to generate a modified difference
image signal;

subtracting the modified difference image signal from the

input image signal to generate an output image signal;
and

storing the output image signal in a memory.

13. The method of claim 11, further comprising separately
combining the input image signal to generate a horizontal
difference output signal and a vertical difference output sig-
nal.

14. A device, comprising:

a memory; and

a processor operatively coupled to the memory and con-

figured to execute program code stored in the memory

to:

apply an integrator function to a set of first signals to
obtain a set of integrated signals, the set of first signals
being gradient signals;

separately combine an input image signal with each of
the set of integrated signals to generate difference
output signals;

apply an invertible linear transform to each of the dif-
ference outputs signals to obtain a transform repre-
sentation of the difference output signals; and

adjust one or more components of the transform repre-
sentation of the difference output signals based, at
least in part, on an initial estimate of the adjusted one
or more components to generate a modified transform
representation.

15. The device of claim 14, wherein the program code to
cause the processor to adjust one or more components of the
transform representation of the difference output signals
comprises program code to cause the processor to apply a
thresholding function configured to adjust components hav-



US 9,189,833 B2

17

ing values within a component value range towards the initial
estimate of the one or more adjusted components.

16. The device of claim 14, wherein the input signal is a
digital image that is based, at least in part, on an image
obtained by an image capture unit of the device.

17. The device of claim 14, wherein the invertible linear
transform is a two-dimensional wavelet transform.

18. The device of claim 14, wherein the processor com-
prises program code to:

apply an inverse linear transform to the modified transform

representation to generate a modified difference image
signal;

subtract the modified difference image signal from the

input image signal to generate an output image signal;
and

store the output image signal in a memory.

19. The device of claim 14, wherein the processor com-
prises program code to separately combine the input image
signal to generate a horizontal difference output signal and a
vertical difference output signal.
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